AD-AL141 584  ON THE SCBTTERING OF ELECTROMAGNETIC WRVES BY PERFECTLV 1/1 .
CONDUCTING BODIES (U) DELR R UNI\J' NEWRRK RP LIED
. MATHEMATICS INST 94 AMI-TR-143A
UNCLASSIFIED RADC-TR-84-9-PT-3 F38692 81 C—Bi /G 1271 NL




o

ey

e
At

e

EhlatR

Ty
LN

Tvevevy
AN

g

-] ."_"";‘F
gt

»

- gl

W

a3
-

w7

-t -y ..4 . Ay

R EE

w—m—m_m_um_u._.m

2

I
I

e LRI

2l 2

14

22

MICROCOPY RESOLUTION TEST CHART
NATONAL BUREAU OF STANDARDS 196¢ 4



AR~ - A A s
TR AT LA
- s .- P AR X

AD-A141 584

RADC-TR-84-9, Pt I1lI {of six)
Final Technical Report
April 1984

ON THE SCATTERING OF ELECTROMAGNETIC
WAVES BY PERFECTLY CONDUCTING
BODIES MOVING IN VACUUM
Representations of Sufficiently Smooth
Solutions of Maxwell's Equation and

of the Scattering Program

e . gt aa .

DTIC

University of Delaware ELECTE
MAY3 1 1884 -
Allan G. Dallas 7
B

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION  UNLIMITED

ROME AIR DEVELOPMENT CENTER
Air Force Systems Command
Gritfiss Air Force Base, NY 13441

N S AP




MOARRNA A  DLECE A A AL AR A A A ALy

.....

This report has been reviewed by the RADC Public Affairs Office (PA) and is
releasable to the National Technical Information Service (NTIS). At NTIS {it will
be releasable to the general public, including foreign nations.

1
1
|
|

RADC-TR-84-9, Part III (of six) has been reviewed and 1s approved for
publication.

.SHELDON B. HERSKOVITZ
Project Engineer

APPROVED: Qg‘: A G

ALLAN C. SCHELL
Chief, Electromagnetic Sciences Division

FOR THE COMMANDER: a ’ }

JOHN A, RITZ
Acting Chief. Plans Office

: o
« el
A

o e e Y
et

L
et alel

0 l.—"v ‘r‘ r'r‘fv.v
e _“‘
DR

If your address has changed or if you wish to be removed from the RADC mailing list,
or if the addressee is no longer employed by your organlzation. please notify

e RADC (EECT), Hanscom AFB MA 01731. This will assist us in maintaining a curreot
S mailing list.

- Do not return copies of this report unless contractual obligations or notices on a
¥ specific dccument requires that it be returuned.

[

o4y

LN T

>
~




by .
-
N
)
W'
Y
(g

.I

S ES

>

‘ o hid F

e 1y -
Vo etalilenal

ey

. [y
S R

L,

4 2

UNCLASSIFIED
SECURITY SLASSIFICATION OF THIS PAGE (When Data Zntered)
REPORT DOCUMENTATION PAGE BEF EAD INSTRUCTIONS

1. AEACAT NUMBER 12. VT FESSONNG, J- AEIPIEYTS SATA DG vuvBER
RADC-TR-84-9, Part III (of six) 'ﬁ/ /é-Xf/

+. TITLE (and Swpatie) ON THE SCATTERING OF ELECTRO- / |§ TYREOF RERORT & ALMIOO COvERED
MAGNETIC WAVES BY PERFECTLY CONDUCTING BODIES rinal Technical R
MOVING IN VACUUM - Representations of Suffici- [ -.nal Technlcal Report

ently Smooth Solutions of Maxwell's Equations .. \:znfoz:mmc 012G, REPCRT NUMBER
and of the Scattering Pwebbem AMI 143A

e e
17 A TARR Yy

A, CONTRACT OR GRANT NUMBER/ s,
!

Allan G. Dallas F30602-81-C-0169
____; —
9. PERFORMING ORGANIZATION NAME AND AQDRESS 10. ::sgﬂ.A:OE.LK!:ﬁrTT.NzRMO-J‘E.:;, TASK
University of Delaware 62702F
Applied Mathematics Institute 460015P6
| Newark DE 19716
1. CONTROLLING OFFICE NAME AND AOSAESS 12. REPORT JATE
' April 1984
Rome Air Development Center (EECT) T3 NUMBER OF PAGES
Hanscom AFB MA 01731 68
TT MONITORING AGENCY NAME & ACORESS/({ dilferent from Contralling Olfice) | 'S. SECURITY CLASS. /of :ais repart)
UNCLASSIFIED
Same T8e, SESLALSIFICATION SOWNGAADING
ScHEduLE
N/A

[ —————————————————
16. DISTRIBYTION STATEIMENT rof :his Repor?)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATSEMENT [of the sbstract entered in 8lock 20, It ditterent from Report)

Same

18. SUPPLEMENTARY NOTES

RADC Project Engineer: Sheldon B. Herskovitz (EECT)

19. KLY WORQS (Continue on reverse side i{ neecosssary and Identily by dlock number)
Moving Targets Field representations
Electromagnetic Scattering . vector potentials
Maxwell's Equations
Time dependent scatter

20. ABSTRACT (Continue an reverze side (f necessary and identily by block aumoser)

object undergoing general non-rigid motion is derived in terms of boundary
integrals. The representation of the field involves scalar and vector

the representation considerably and this 1s shown explicitly.
al

3A representation of electromagnetic fields exterior to a perfectly conductin

.potentials and the representation is the counter part of the Stratton-Chu or L
Maue representations in the stationary case. However, the motion complicates

:

DD , 55y 1473  =oimion or 1 nov ss 15 ossovETE UNCLASSIFIED

SECUMITY SLASSIFICATION OF THIS PAGE (When Date Sntered)

-

-----

R R R P LAY ~,_.-_‘S.\. Ty I

COPC IR LI 1

PRy

(NI I 4

r ..
U - .

-

Bals asu s oy 8 ¢ > s
v v




g

NS &’ fndiend 4

. .‘r .
SR =

-
L =g

-4

"‘.‘l%i“

N,

-

ORIENTATION

This is Part III of a six-part report on the results of an
investigation into the problem of determining the scattered field
resulting from the iﬁteraction of a given electromagnetic incident
wave with a perfectly conducting body executing specified motion and
deformation in vacuum. Part I presents the principal results of the
study of the case of a general motion, while Part II contains the
specialization and completion of the general reasoning in the situation
in which the scatteringbody is stationary. Part III is devoted to
the derivation of a boundary-integral-type representation for the
scattered field, in a form involving scalar and vector potentials.
Parts IV, V, and VI are of the nature of appendices, containing the
proofs of numerous auxiliary technical assertions utilized in the’
first three parts. Certain of the chapters of Part I are sufficient
preparation for studying each of Parts III through VI. Specifically,
the entire report is organized as follows:

Part I. Formulation and Reformulation of the Scattering

Problem
Chapter 1. Introduction
Chapter 2. Manifolds in Euclidean Spaces.

Regularity Properties of Domains
[Summary of Part VI]

Chapter 3. Motion and Retardation
[Summary of Part V]
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o _ Chapter 4. Formulation of the Scattering Problem.
iﬂ{ Theorems of Uniqueness

AN

A
| Chapter 5. Kinematic Single Layer Potentials

- [Summary of Part IV]

ﬁ“-

{:{ Chapter 6. Reformulation of the Scattering Problem
!’:c

AN .
b Part II. Scattering by Stationary Perfect Conductors

" [Prerequisites: Part I]

o

o

e Part III. Representations of Sufficiently Smooth Solutions
- of Maxwell's Equations and of the Scattering
, Beebien PROGRAM
Fog [Prerequisites: Section [I.1.4], Chapters [I.2
:}\ and 3], Sections [I.4.1] and [I.5.1-10]]

“»

'k b

>

:ﬁ: Part IV. Kinematic Single Layer Potentials

. [Prerequisites: Section [I.l.4], Chapters [I.2
<3 and 3]]
3 P
e

B

¥ Part V. A Description of Motion and Deformation. Retardation
YA of Sets and Functions
" [Prerequisites: Section [I.1.4], Chapter [I.2]]
3 ~‘.:

A

\{: Part VI. Manifolds in Euclidean Spaces. Regularity

:?Q Properties of Domains

Ly [Prerequisite: Section [I.1.4]]

N The section- and equation-numbering scheme is fairly self-

h '.‘

*} explanatory. For example, "[I.5.4]" designates the fourth section of
Wi |

Chapter 5 of Part I, while "(I.5.4.1)" refers to the equation numbered

Eﬁg (1) in that section; when the reference is made within Part I,

Mo

z;: however, these are shortened to '"[5.4]" and "(5.4.1)," respectively.
l_‘.d
0l Note that Parts II-VI contain no chapter-subdivisions. '"[IV.14]"

,

:5 indicates the fourteenth section of Part IV, "(IV.14.6)" the equation
e

:{: numbered (6) within that section; the Roman-numeral designations are
o

o never dropped in Parts II-VI.
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-iii-

A more detailed outline of the contents of the entire report

appears in [I.1.2]. An index of notations and the bibliography are

also to be found in Part I. References to the bibliography are made

.
L

by citing, for example, "Mikhlin [34])." Finally, it should be

pointed out that notations connected with the more common mathematical -

A

concepts are standarized for all parts of the report in [I.1.4].
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PART III

’ REPRESENTATIONS OF SUFFICIENTLY SMOOTH SOLUTIONS . §
OF MAXWELL'S EQUATIONS AND SCATTERING PROBLEMS ?:

[III.1] ORIENTATTION. We wish to provide motivation for :t

an ansdatz made in [I.6.1) in the process of reformulating the scatter- ::

ing problem, as well as expose the natural origins of the functioms ;%

which we have dubbed "kinematic single-layer potentials,”" by deriving EJ

a necessary form for any sufficiently smooth solution of a sufficiently 3

regular scattering problem. This representation is reminiscent of EE‘

those already familiar from the theory of elliptic partial differential ?

equations, involving (in the case of a homogeneous equation) ''boundary ;

integrals," containing a fundamental solution of the elliptic equation E

and values of the solution being represented, along with, usually, ;?

those of various of its derivatives, on the manifold over which the }r

integrations are taken. The analogues which we are about to obtain ;E

for the case of a hyperbolic system are, in some respects, more :$

complicated, due to the completely different geometry associated with .

N

the hyperbolic case; the ideas of retarded set and retarded function, ;S

- introduced in Chapter [I.3], closely connected with the characteristic E:
cones for Maxwell's equations, play a central role in the derivation. -'

- It is interesting to observe that the final form of the representation ;;
(cf., (II1.9.7, 8), {n§ra) is precisely that which is obtained in any SE

o
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s
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basic text on electromagnetic theory, involving scalar and vector

potentials (cf., e.g., Jones [23]).

It should also be noted that representations of smooth
solutions of the wave equation in non-cylindrical domains can be
constructed by madipulations similar to those employed here for
Maxwell's equations; the result in this case is a direct generaliza-
tion of the well-known Kirchhoff formula (cf., Sobolev [49] or

Baker and Copson [2]).

Following the statement of a simple "advanced-calculus'" type
of result (a weaker form of which is noted in Apostol [1]), we
shall develop representations of sufficiently regular solutions of
the nonhomogeneous Maxwell equations in the open sets B® and
Qo associated with a sufficiently smooth motion M. Subsequently,
we shall consider the special case of a solution to a scattering

problem.

[III.2] LEMMA. Let Q be an open set in R, don some
n>2, and g: Q +K. Suppose that, for some 1i,j € {1,...,n}
with 1 4 3, g,y exdsts in 9, while g and &35 are 4n

c(2). Then exists in 9 and equals CAPPR

844
PROOF. Cf., Appendix III.A. O.

[III.3] PROPOSITTION. Llet M be a moticn in M(2), and

i i . . i
F;, F,, G, and G, be functions in CQ@) such that Fl.[.,

i ; _ I

F2,4' Gl,é’ and Gz’a are alsc in C@B). Suppcse further that

>
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Ju

v i i 1.0 i
ol E' and B are elements of C (B )C(B) duck that E,, and 3,4
j‘ are also 4n claa°)f‘.caB), with
{
2 k€ 1 .1 i)
M 15k yt ¢ By = Foo (1)
ol k1.1 1 .

eipBry T By = o (2)

:' jc o
.; E’j = Gl’ > 4 B . (3)
J

3 and

3

) B, =6 4
x

- let (x,t) € BAR®. Then

1. L R

: - {rz Tx,1 182 w017 T2 St P el Ty (F1,adix, e

- B(X,t) X X

- 1 1

¢ + cry rx,i [G2,4]{X,c] ery iJk Tx j[ 2 4][X t]} 7\

Ny

- 1 q | P

A -] {[rx],j ®15k%kpa 1 1x,1) [IX]’i B e

A 3B(X,t)

y (8% ] + L [B ] (5)

141" kpg X,j 4 [X,t] x 47 [X,t]

: ‘

: a k p

- "o, ok B2 ) (x, 0] VaB(x,t) Pam(x,t)

. 0 . if  (x,t) € a°,

. sBrix,0), 4§ (x,t) €B°,

o

j and

)

(]

.....
-------
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o~
. S T
N
~
" - 1 . 2L k S
Tf:j r2 r}(,i [Gl][X,t] r2 eijer,j[Fll[X,t]+ cry [Fz,lo][x,t]
B(X,t) X X
2K 1 . 1 k
.l — . G — ——
3 + ety y,1" 181,43 [x, ] cry eijer,j[Fl,lo][x,t]} drg
Tt
-~ (o] (o
- 1 q 1 P .
+ — - —
[rx],j “136%kpa® M ix,e) [rx],i B el
A 3B(X,t)
s
R 1 q 1 pc
3 T Ty Suakiea™x, 3 B it o T Bl ®
; 1
-~ 1 k P
P + ey €3k [Bry] [X,t]} VaB(x,t) PaB(x,t)
N
L ' °
L 0 R if X,t) € @7,
x =
;: ic . o}
47E” (X,t), 44 (X,t) €EB .
2
- .
PROOF. Wehave E'€ c'@°® .and Efaj e c®%), so E}j4
{
-1 exists and equals E%t.j in B°, by Lemma [III.2]. The corresponding )
N
j result for Bi is, of course, also true. It is then permissible
R
o
"-
™ to write, from (1)-(4), noting the properties of Fi, Fé, Gy, and
A -
\: G29 L
<,
~ €1 .4 i) :
k .
~ €1yxEoagt T Boss = T 40 N
_ c
= kK o_ 1.1 _ 4
€15kBa3” ¢ Bras T Fa,40 (8) ;
N
5C o .
¥ Eags = 61,40 t in B, (9) .
"> and :
o .
» 3 - .
By ™S4 ‘ (10) :
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For a function u
function [u][X t]
b}

(cf., [I.3.17.1]),

0] (g ¢} (D)

Aaianit. Sl Sal e ST i S S A R L el 2

-5-

defined in B°,

DRV N R L N

recall the definition of the

in the 2-regular domain BO(X,t) = B(X,t)o

viz.

1
= u(Y, t- E-rX(Y))

for each Y€ IB(X,t)o.

Obviously, various properties of [u][x t] can be deduced from
b ]

those of u. For example, if u € CIGBO), then we have (at least)

1

[ulig,e1,1 = [95y

simple consequences of the chain rule.

X €EB(X,t)° 1ff
statements to Ei

we see first that

k
“kl®3lx,0*

€1jk

kS
Cijk[E

k
€iaklBoaslix,e)”

and

[B

wilix, et e

£)°N{X}'), with

0|+

Tix,e1™ @ Tx,a(v0gd

(X,t) € B°.

Bl, E%A’ and B

[

=

[87,]

N

{

ic

k
[£5,]

’j] [X,t]”

n |-

[

(o]
(e3 )

gl ix,ey 7 [€

(83,1

3 x,e) = 1©

1.4
(B4 ) [x

1, i€
(Es44) (%
[

3 -
[E’l.j][x,t] = (6

i - AOnrxye
(X,t] in B(. {X}',

In this regard r :11 that

In particular, we may apply these

%4' From (1)-(4) and (7)-(10),

1)

x,e1 - Filix ep

i
X, tl = [FZ][x,t]’

1][X,t]’
2][X,t]’

i
21 T e x,ee
i
o1 = P2 ad g e

,4][x,:]’

A a0 aae- o CaMICHC SR O T At gt s S b Bl B Bl

(11)

(12)

A,
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[G

j =
[B"bj][x,t] Z,A]IX,t]’

each holding in B(X,t)°. Use of the appropriate form of (12) in
each of the latter equalities produces

c

Eijk[Ek Vix,e1,57 % Eijk’x,j[El::][x,tf% [B{A][X,t] - [Fi'] [X,t]’

‘ijk[Bk][x,t],j+ %'eijer,j[BEA][x,t]- %.[Ele[x,t] = (F)) iy o)
[ch][x,:],j+‘% rX,j[Eézllx,t] = 60 1x,e1”
[Bj][X,t],j+ < "'x,j[BJ;a][x,c] = (61 1x, e

C
1 k 1 i
[E < Siutx, 5 Braad x, 01t © Braalx,e)

kC
eyklBrad x, 01,57

o1
= F) 4) g, 00

€ [Bk ] +le T [Bk ] -1 [Eic )
15x Brat (x,61,37 © F13kTX, 31120447 (X, 6] © A (X, ]

_ i
= 15,4 1x,0,

c Cc

(ed

b/ -
(E> wad 1z, = el e

+
W ix,e1,57 © X3
and

3 1
(B .y

j =
x5t © T Braal 1x, 1) (6, dix, e

in  B(X,t)°N{x}'.

Now, from (14),
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N
S

W‘c_‘ c
*:‘ . l k - q
- c S13k"x, 3 Brad (%, 6] ™ C19xfkpa™x, 3B Jix,t1,p
(.
1

] + = q
i :'.': c eijkckpqrx,jrx,p[B’lb][X,t]
x.o

N
RN k

¢ - -

ot “1567x,3 P2 x, 1)

- =€ .. €, T [Bq]
SO 1jk kpq X, j [X,t]l,p
o0 1 i 1 1"
'.\-. =3 - >

o Yo i Bk atx 1 Bl e
\

- k

\l -

N €53k7x, 3 F27 [x, ¢

3 q i
N = ©15k%kpa"%, 3B x,e1,p 7%, 1 B [x, 01, 5
A4
'...‘-‘ }. i
oy - Budix,ertx, 181 %, 0
.

o .

X €5 5k7x, 3 F2) (x,e1°
1

:j' the latter inequality following from (16); with this relation, (13)
N

W h that
VR shows a

L]

4 c

X k q - ]

o 1l E 61,57 19k kpa %, 3 B 1,00, 07X, B (x5
i i k

] P g, e17x, 11920 x, 01 C 11Tk, 5 F2) x,0 = © (21)
in  B(X,t)°~{x}".

v

-F\:;

¥

‘;:'.'. In like manner, it is also found that
M\ "
%

fad K qc jc

“13e B 1x, 00,37 13k kp "X, 3 I T 1%, 00,07, 1 1F Tix e, 5
el (22)
) i k
> - - + =

o (Fo) ix,e17%x,1 O x, e e 1gkTx, 5 P2 %0 = O
RS

‘\'%"
o
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kc q
WK, e, 57 e kpa ™, 3 Bra) (x, 00,07 TR, 1 BRad (%, 60, 5

[E (B

: €1jk
(23)
1 k

“IF) Vg, e1*™x,1 092,40 1x, 01 € 13x7x, 3 (2, 4]

(x,e1 = 0

and

[ (o4
(9 (E3

K
ek Boa) (x,e1, 5515k kpaTx, 3 (B0a) (%, 01,077 x, 1 Boa (%, 21,5

i k ]

(55,6 1%, 617x, 1061, 6T 1%, 1% 157x, 3 F 1,4 0 (24)

[X,t]

in  B(X,t)°n{x}',

(22) following from (13)-(15), (23) from (17), (18), and (20), and

(24) from (17)-(19).

We continue by deriving further relations from (21)-(24):

first, multiplying in (21) by ry » we are led to

kC
K[E

1 - 1 q 1! (gl
2 13 Jix,e1,3 eijkekpq[rx],j[B ][x.tl,p+[rx],i[ Tix,e1,1

1 i k
-2z (F)) g, e177x, 1 062) [x, e 1P 19k 7%, 5 F2) x, 007 = O
X

or

sl P
Z 1kl M, {["x BRI R S v I E R )

1 i k
- =5 - +
2 P iy, 6177, 1062 (%, ¢ eijer,j[FZ][X,t]}
X
*[l'l 4 iepq B [ tl‘[¥fJ (8% x,¢) = O
rx 'ip b} Pq ’ X 'ip ’
here, the last two terms on the left are equal to
e g e A N N N e N N NN e S N e e




.

which vanishes in B(X,t)°~{X}'. Thus,

1

Lok - {[-——] €. ... [BY] -[1—}
r12{ ijk [X,t],] Ty 5 ijk kpq [X,t] )y
+ 1—2 {[F [c
Tx

i PO ]
1 [x,e175%,1 72 (X, ¢)

+c [F

k
2][X,t]}

R .
LI S

13kX, 3

in  B(X,0)°N{x}'.

Repetition of these manipulations, beginning instead with (22),

produces

4,";-_.4_ P 4." AR 8 <‘<n ANAS

1 1

#,

b~ {8, ot P )
r; 13k°7 [X,t],3 Tyl»y 1ik7kpq [X,t] {xy)sy (x,tlf,

-

P

1 i
+ ? {[F;) [X,t]+rX,i[Gl] [X,t]
X

Al Y A

k
(7] (g o1}

~€13k"X, 3 [X,t]

in  B(X,t)°N{x}'.

Next, after multiplying in (23) by Ty

we come to

AR N

.
o'

LA ‘A‘#:‘A.'n..k



1 kS L1 1,
{rx €1 k[E’A][x ot r, €451 kpaTx, 3 Boa) [x, 61" Ty %,1184) %, c]} .

1, ,
~ oy P i, e 7,1 02,0 1 e, 5 2,0 e

}

C

1
'4][x t) [r; rx,j],p Eijkekpq[B

[E ’4][x t]

1
T, X, 1] J[B’A][x el

in  B(X,t)°r{x}'.

The last three terms on the left here can be rewritten as

k° 1

x, 5515k F2a) 1x, e {?; rx,j],i

+[ ] 88,1,y o H{L ] (83,
X, 3 ' 47 [x,t] {rx X,1f,, 4 1x%,t]

(B, ][X t]

kC

1 1 .4
=7 etk Eralix, et 2 Bl ix, e
rx J rX

1
2 eijk[E ][x t1,5°¢ [F Vix,el
Tx x

= «=C

having used (13) to achieve the final equality, and having noted that

1
r

[-]4— T ] .- L r, ,T, .+
ry %30y r)Z( X,1°X,]

.£_=
r

1. 1
2 Tx,3 X, j 2
rx X Ty

in R30{X}'. We conclude that
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el
70

1

#

v,
‘A&\ LR

) S o
2 fal® Mixely
X

——

: =1L £ [Ekc] + 1 €, .6 _ 1, .[B3]
¢ lry ipk 47 [X,t] ry ijk kpq X,j" ’4° [X,t]
1 P L
rx,iw’t.][x,:]}, 53 Fliy (27)
X P rx
- 14 k
- "o, FY ol g, 017 %,1 0%, ) 1%, e 1%, 3 2,4 (%, 00}
\ in  B(X,t)%{x}'.
o]
ok
\-'
zf We can retrace this argument, mutatis mutandis, beginning instead
<.
!-‘
<y with (24), resulting in
34
7 1 K
5 7 €15k B 1 [x,e1, 3
-~ r
\)' X
- 101 K 1 c
= — — - — q
¢ c {rx Eipk[B’l‘][X,t] Ty eijkekpqrx,j[E’A][X,t]
}:. 1 pc 1 i
s *ro Tx,1lEv) [x,:]}, + 77 [Pl g, e (28)
" X P Ty
1 i k

P2 "o, U4 %, 0177, 1060, 1%, 015 157x, 3 P2, D 1, 00

] 'JBJLJ

»

in  B(X,t)°N{x}'.

".

~—

Upon equating the right-hand sides of (25) and (27), and of (26)

R, 1

N
U
e

and (28), we arrive at the important relations

-
.

r L AN

D | H IR AAAAL AAr F i,

]
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o,
-
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*y
.
0
0
.
L)
a
"
L]
»
a,
.
¥
1]
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Ll
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-"c
%

A

L )
¢

D.‘.
¢ 0
a & o

1 £k
B —5 x, 11621 (x, €17 131x, s 21 (x, ¢
Tx
1 i k
* ey UFL o g0 "x,1 062,60 (x, e 19k, 3 12,4 %, 1
1 q 1 P
+{{rx],j eiJkekpq[B ]lx,t]'[rx],i[B lix, el (29)
1 q 1
- cry Eijkekpqrx,j[B"‘][X,t]+ cry [B’AI[X t]
1 k€
- —— [E’] } = (0
T, Cipk'Tr 47 [X,t) -
and
1 k
- ;3 X, 1[G1][x.t]'°13k’x,j[F1][x,c]}
X
-2 et +r. . [G. ,] .. r. (F ] }
cr 2,460 [%,e17Tx, 101,47 [X, 6] 13k TX, 51,67 (X, 2]

X
1 1) (g
+{[rx],j JOCL RIe -1+ ].1[5 Jix el

.
X

(30)
¢ pS

q 1
©13kkpa™x, 3 (Bl (x, 01 ory T %,1E4) 1%, ¢]

k
cipk[B’4][X,t]},p =0

each holding in  B(X,t)°r{x}'.

Now, we intend to exploit (29) and (30), in conjunction with
the divergence theorem, to produce the desired equalities (5) and

(6). According to [I.3.27.vi.2], ]B(X,t)o is a 2-regular domain,




since M €M(2) and (X,t) € B°un®. Also, OB(X,t) is compact.
Then, as in [I.2.43], for each sufficiently small positive €, the

set
B(X,t)°F := (Y €B(X,t)®| dist (Y,aB(X,t)) > e}
is a 1l-regular domain, and the map G™%: aB(X,t) ->]R3 given by

G E(Y) := Y-cov ", Y € aB(X,t),

aB(X,t)
is a 1l-imbedding carrying 3B(X,t) onto B{B(X,t)oe}, with

~e, -1
V@0 | BEn®C )

and

lim + G =1 uniformly on aB(X,t).
e~+0 :

. Suppose first that (X,t) € Qo, so X € QO(X,t) = B(X,t)', and
.'_\ (29) and (30) hold in B(X,t)o. Then, for any sufficiently small
positive €, we may integrate in (29) over B(X,t:)oE and apply the

divergence theorem,T which results in

1 K
- J {;5'{’x,i[czl[x.c1°€ijk'x,j[F2][x,tl}
:',:.: IB(X,t)':)E X
N
1,4 K
o e {[F1,4][X,t]-rx,i[G2,4][X,t]+€1jer,j[F2,4][X,t]}} drs

X

fo [1.2.41.b], ]B(X,t)os is a normal domain.

“ & M~ e w L . e L T L P D TVt T T S U L SR N T
. . et PR R T e L N Ty R N T S T PR P TN
. . e Tt et am LY e e e T e e

..................
...................

(31)

(32)

(33)

(34)

TN e TN T .-J
e l.: IR .i‘.r:'n} " -ﬂ‘} -'.'-B} .R}-H} y
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1 q 1 P
| + J {[rx] ’j Eijkekpq[B ][X,t] [tx]’i[B ][X,t] (35)
e 3(B(X,t)°%)
0 1
BN o — q 1
s ey Supa™x, 3 Bl 1x, 0" T e B e
1 P
- [E, ] } dx = 0.
ery “ipk AR Vg o eey T k606

Consider allowing ¢ - 0+ in each term on the left in (35): the
integrand of the first term is continuous on B(X,t), hence bounded

there, and it is clear that lim _ A, (B(X, £)°%) = A, B(X,1));
e - 0

with these facts, one can easily show that the limit of the first
+

term as € + 0 is just the corresponding integral over B(X,t).

If we denote the function within the brackets in the integrand of

the second term by Fp, we can rewrite this term as

f FoevP dx
€ P S{]B(X,t)oe} Q{B(X,t)“}
IMB(X, )}
) (F P )0G™J6™F ax (36)
am(:fc,:) P oam(x,t)%) JB(X,t)
- -60 p . -£
Fool vipx,0) 7 Papx, 1) 3?
B (X,t) ‘

having used (33). Now, from (32), it is obvious that

lim + G-E =

i ’
e » 0 B(X,t)

the identity on 3B(X,t), uniformly on oB(X,t); since

'-
~J

‘nJ ----- PP Y At e )-v TR
f;’ '.n.(s' PN \’k&f\(&“\t&t&i&’\m ‘ \ Y
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~ YR
t"s fole

. 's %l
A
f SR WL AR

s

L i
.’\. ‘.4.,5.{ ’~{k

.,.

Ca)
X Py XA

‘starting instead from (30), we arrive at (6) in this case.
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Fp € C(B(X,t)), it follows that

+

lim ., F o6™% = F | aB(X,t)
e~>0 P pl

uniformly on 93B(X,t). With (34), it is now plain that

lim F oG™* 6™ 4
P

A
JB(X,t)
€> 0 am(x,t)

P .
VaB(X,t) J

P
Fp VaB(x,t) oB(x,t)°
aB(X,t)

+
In view of the latter result and (36), upon allowing € - 0 in

(35), we obtain (5) in this case in which (X,t) € Q°. Similarly,

Assume next that (X,t) G]Bo, so X € B(X,t)o; (29) and
(30) hold, of course, in ]B(X,t)oﬂ{x}'. Selecting any & €
(0, dist (X,3B(X,t))), we may integrate in (29) over B(X,t)ocﬁBz(X)-',
apply the divergence theorem, and let ¢ -+ 0+, reasoning essentially

as in the preceding case, to derive the equality

1 K
- f {r_z {rX,i[GZJ[X,t]-eijer,j[FZ][X,t]}
m(x,c).ﬁsg’(x)" X
1 1 K
" {[FI,A][X,t]—rX,i[GZ,‘*][X,t]ﬂijer,j[FZ,‘o][X,t]}} Py
1 q |1 P
* aw[ ) {[rx],j “13kpa® 1%, 0] [rx],i“‘ Tix, el
,t

1 q 1 P
"oy €1 3kCkpqTx, 3 (B2a) [x,e1* cr, Ty, 1By [x, ¢
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c
I [Ek }_vp (37)

cry €k Erad(x, 1) VaB(x, 1) PoB(x,0)

1 q (1 p
* f {[rx],j eijkekpq[B ][X,t] [rx],i[B ][X.t]
aBg(x)
1

1 P
alix,af er, Ty, 18341 %, 0]

1 q
- cry eijkekpqrx,j[B’

- —l—-e [Ekc] }'(-r ) a =,

cry ipk " 7’47 [X,t] X,p BBg(X)
Now, (37) is true for all sufficiently small positive ¢&; let us
examine the possibility of allowing & ~ O+ there. The integrand
of the first term on the left in (37) is in LIGB(X,t)), as one can
easily check, so we can construct an argument based upon the dominated
convergence theorem in order to prove that the limit of this term,
as § -+ 0+, is simply the corresponding integral taken over all of
B(X,t). Proceeding to the third term, it is easy to see that the
limit in question is, in turn, equal to

s ot J {{%Zj.j 15k l® 11, ¢

aBg(x)

| P -
{'x]’ilB ][x,:]}( %0 dxaBg(x)

= 1 3 _ i
R J 7 a1 B i 17, 57, B ke
aBg(X) X
\: _ j
o Tx,1%x,3 8 ) [x, ¢} anB3(x)
: 5

......................
. - LS "

-t -, '--,"..7 T e e S o T T T G SO .":i
T AN N e e e e S T,

v, -

AP 2 o AR D L S N AP
J“E'E'!h!\!‘:
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1 1
= - 1im S J {B7] dx
s >0 &° 3 [X,t] aBg(x)
3B (X)
= —4me (8] ()
4mopl
= ~471.B (X, t), (38)

the penultimate equality here following from the continuity of
[Bi][x,t] at X, by a standard line of reasoning. With these facts
in hand, we can in fact take the limit as § -+ 0+ in (37), whence
the equality (5) results in this case in which (X,t) € B°. 1In the

same way, we can begin with (30) to derive (6) under the same

assumption on the fosition of (X,t). a.

[III.4] REMA RK. As an application of [III.3], let M €M(2), and
suppose that {Eli,B‘i} C Cl(QI) is an incident field as in [I.4.1],

Q' C]Ra being an open set containing B. If we also assume that the )

restrictions of E}Z and B}Z to B® are in ClGBO), then

i 1i
(III.3.5 and 6) hold with Ei and B~ replaced therein by E |
and B‘i, respectively, and with Fi = F; = G1 = G2 = 0. In ]

particular, we obtain a representation for such an incident field

at each (X,t) € Bo, in terms of the values of the incident field
and its 4-derivatives at the points of dBNC_(X,t), each of which

has its 4-coordinate, or time-coordinate, less than t.

We next provide a statement in the exterior setting which L

is an analogue of [III.3]. As we shall see, the unboundedness of

4

/

4

each set Qc(x,t) causes a modification in the form of the E
|
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representation which is obtained. In the interest of avoiding
certain technical difficulties, we shall present a simplified
version of a more general result which could be of use in other

investigations (cf., Remark [III.6], dingra).

[III.5] PROPOSITION. Let M be amotion in M(2), and
i i ; : o- i

Fi» Fp G, and G, be functions in c(Q" ) such that Fl,4,

i . - ’

Four S14 and G, 4 @re also in c2®7). Suppcse further that

el and Bl are elements of c1(9°)ﬁc(ﬂ°') such that EY, and

4
Bf4 are also in ct@®)~c(2®), with

eijkEl:;: % B%A = Fi"
EijkBEj"% Ef: = F;’
E’?: = Gl’ ! AN Qo.
and
Béj -G, |

Let (X,t) € Bp®. Chocse o > 0, depending on (X,t), 4o that®
3
B(X,t) C Bo(x)-

Then

1-Recall that B(X,t) 1is bounded.

e N e e e e e e _-‘._-'._-‘5-'._-'-,'-_"\"\'.'\‘_H.:,‘-' SRS ) "}'\-“.-\
¢ . ' e a2’ . . B y

PR A AT RIS A I SN

(1)

(2)

(3

(4)

(5)

-“" \_u -
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1 1 k
- J {_2 rx,i[GZ] (X,t]” 2 Eijer,j[FZ] (X,t]
g 3 rx Tx
Q (x,t)f‘Bp(X)
1 .1 1 1 k
= [Fy e (x,e1* ory Ty, 162,40 x,e1” cry €55k7x,9F2,4] [x,t]} &
+ J [B ] [‘3 ] L. ¢ [Ekc] } dx
[x, t] 4 [X,t] oo ijk X, 4T [X,t] aB3(x)
3 p o
9B (X)
i, ottt
r,),, 1ijk kpq (x,t] {ry), (X,t]
SB(X, t) ) A X ’i (6)
-2 (89,1 2 180,
Ty iJkkquJ [Xt] cry Xi *4° (X,t]
1 k€ P
T ery eipk[E’lo][X,t]} VaB(x,t) TaB(x,t)
0 , i x,t) €B°,
smBl(x,0), 4 X, e’
and
1 1 k
- [ {:'Z Tx,1 €1 x, 00" 2 € xx, 3 T x, )
Qc(x t)hB3(x) X X
+ — 1 [ ] 1 (G, ,] Ao [Fk ] } dx
2 47X, t] x it%1,647 [x,t] cry ijk X357 1,47 [X,t]) 73
1t 1 e + L r. [BY,) } dA
+ 2 [ ][x t] ’AJ[X t] cp ijk X,3 747 [X,t] 833(X)
3 P 0
aBp(x)

1 q¢ 1 ] p°
) [ {{;;jsj eijkekpq[E ][X,t]-{;; ,i[E Tix,e)
IB(X,t)

4

s

\I'."\{\’\ LY

............................
.......................................
......................

oo @)




C [

P
’AJ[X et Ty Tx '[E’al[x t]

€13k%kpq X,J[E

P
€1pk[B’A Iix, t]} ViB(x,t) YBB(x,t)

0 ’ ":6 (xat) € ]Bo

- . €
el (x,0), i &0 e ol

PR OO F. We shall prove (6); the reasoning required to establish
(7) will be obvious from the verification of (6). Moreover, many
of the arguments used here shall be merely sketched, similar ones

having been laid out in detail in the course of proving [III.3].

Using (1)-(4) and the regularity hypothesized for the
functions appearing there, we can proceed essentially as in the proof
of [III.3) to show that (III.3.29) holds in QU(X,t)n{X}'. Since M€
M(2) and (X,t) E]BOUQO, we know that Q°(X,t) 1is a 2-regular

domain, whence the set
g € [¢) .
Q (X,t)” := {Y € Q (X,t)| dist (Y, aB(X,t)) > ¢}

is a 1l-regular domain for each sufficiently small positive ¢,

and the map GE: IB(X,t) ->R3 given by

GE(Y) := Y+eov y (D), Y € 3B(X,t) (8)

IB(X,t

is a 1l-imbedding carrying BQO(X,t) = 3B(X,t) onto B{Qo(x,t)e},

with

3 L
[RAS

v..‘;:;"l _.'\i -..‘ "- ".b".a".e".e}i‘_'.e..r 1‘.(} ‘J}n..r.'?}" :'i:'_(MJ "
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PR - §
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R

hY
R

LA
'l\

;3
a
- PN

€.-1
-va]B(X,t)o(G) , (9

\Y) € =
3{2% (x,t)°}
and

lim + JGt =1 uniformly on am(x,t).+ (10)
€=+ 0

Suppose first that (X,t) € B°, so X € B(X,t)°, and (III.3.29) holds
in all of 9°(x,t). Taking into account (5), it is c'lear that
QO(X,t)E"-B:(X) is a normal domain for each sufficiently small
positive €; wupon integrating in (II1.3.29) over this domain and

applying the divergence theorem, there results

1
i J {;5 g 1109) [, 017 aguT, 3 P2 [,
P’ x,0f0 ¥
1 i gk
- E?; {[F1,4][x,c]"x,ilcz,al[x,t] 19kTX j[ 2 4][x t] } dX 4

A q N
- {[rx],j “13k%kpa P 1 x, 1) [rx],ilB Fix,e)
38 (X)

q + L
cry €5 kkpatx,  Bra) (x, 017 o

[B, ]
x 4°[X,t]

-“}" [kC] }r dx
cry f1pk ' ral (X, e]] Tx,p 283 (%)
o)
1 9 e P
* [ {[?;}’j eijkckpq[B Vix,e) [rx],i[B Tix,e)
312° (x,6)°)

"Cf., [1.2.43]; note that 30%(X,t) = 3B(X,t) is compact.




N~ .

\_. 1 1

< X © 13K kpgx, 3 1374 [x, 1 cry X, ACRITRY

R o

1 k P

v -—c€,  [E,,] } v dx = 0. (11)
::‘;.‘ ‘ cry ipk 747 [X,t] B{Qo(x,t)e} a{Qo(X,t)e}

)

_ Following the proof of [III.3], one can easily evaluate the limits as
o € > 0" of the first and third terms on the left in (11), using

-" (8)-(10) in the consideration of the third term. In fact, letting

. € - 0+ in (11) and simplifying the second term on the left, we obtain
T

'.::'_: (6) in this case in which (X,t) € B,

g

= o o

> Next, let (X,t) € 2, so that X € Q (X,t). Selecting

j-:j any & € (0, dist (X,3B(X,t))), we integrate in (III.3.29) over the
‘J: normal domain QU(X,t)EﬁBs(X)ﬁBg(X)-' for any sufficiently small

l:’

- positive ¢, apply the divergence theorem, and let ¢ - 0+,

5 which yields

..a:

0 - 1 ([6,] [F5] }

<, r2 271x,t1” ijk X,j5 27 [(x,t]

) o° (X, 0B rg 0™ X

~ 1 1 k

& " or, HFY W) ix, e ’x,ilcz,a][x,r]*eijk’x,j[Fz,z.][x,c]}} Ay

N

N

.‘-‘

g 1 1 o1 1 k€

D N e L TR R S - 303 =l 11,01 A 3
h_-: 3 p »B (X)
9B

o(X)

2 1 X L P

| {[rx],. 156%kpa ® T %, ] [ ].i“‘ Jix,

3B (X,t) J

2 - L. L

::j Ty iJk kpq X,J[ ’4][){ t] i[B ][X t]

..ﬂ

~

q .
} >
: .
9
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T

gt c
-,\.' - 1 k p dx

D cry eipk[E’Zo][X,t]} VaB(X,t) SMB(X,t)
§ ) .
T 1 i 1 i 1 k
o - —_ = - =

R f {52 (B 1x,e1% e5 (Balix,e1” o5 Eijer,j[E’Io][X,t]} RV P
N 3 ¢
‘ '-J:'- - aBé(x) ’

.1“l

)

¥ = 0. (12)
::'.::_
‘-’.'-' + .

:}: Letting & - 0 in (12), evaluating the limits of the first and
WQ,Q fourth terms on the left by arguing as in the proof o% [I11.3], we
\\ N arrive at (6) in the case (X,t) € °, O.
"
‘-".':
3 §: [III.6] REMA RK. We maintain here the setting and notation of
b0 i i
a2 Proposition [III.5], supposing, for simplicity, that Fl = F2 = G1 =
LY L

N G, =0 in 2°. Let (X,t) € 2°. We have, in (III.5.6 and 7),
:&5 representations for El(X,t) and Bi(x,t) in terms of values of
S

o,
{ E1 and Bi and their &4-derivatives at times preceding t, v4iz.,
;‘Hﬁ . 3 1
o at the points of 3B"C_(X,t) and BBp(X)x{t- E-p}. Thus, if

YO i i o i i
SR E® and B~ are known on for some t , and E~, B",
- (-m,to] o

) i i
N E’A’ and 3,4 are known on 3B, and we suppose that t > to’
‘l“.-
‘*Nf then Ei(X,t) and Bi(X,t) can be expressed in terms of known

oy

5*# quantities by simply choosing p so large that both (III.5.5) and
:; t- %-p < to hold. This observation is exploited in the proof of
.\::'I

N [III.7], 4infra.

."‘-"
.-\..1
8 To amplify the remark made immediately preceding [III.5],
’:j: assume that Ei, Bi, E%a, and B}a are known on 3B and on

o

<"
ADA Qz i= Bé x{to}, and we wish to express Ei(X,t) and Bi(x,t)

o o

LA XA

AR
LA

b

o
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in terms of these known quantities, where (X,t) € Q° with t > to.
An inspection of the proof of [III.5] shows that we should then choose
p not as in (III.5.5), but so that t- % p = to. For this value

of p, if Qo(x,t)EﬁBg(X) is a normal domain for all sufficiently
small positive €, then we can derive a modified form of (II1.5.6

and 7) which achieves the stated objective.

[III.7] COROLLARY. Llet M be amotion in M(2). Suppose

that B and B are in cr@%)nc®y, with Ef4 and B%a
atso in cr@®)nc@®), and
i i_ o-
Cc
kK*, 1.4 _ o)
EijkE’j s By, = 0, (2)
kK 1.4
€58y~ ¢ By = O (3)
c g
qu =0, y in Q. (4)
and
Bj,j =0 ‘ (5)

let (x,t) € B2U®. Then

if;ﬁb f‘

>

5
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.
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€. .., [B"] -l=—I| [B"]
SB(X, t) {rx ’j 1jk kpq [x’ t] rx '4 [x’t]
1

q
BT x, 00t ety Tx,i

(8P

1
" ery €13k%kpq”X, j alix, e

(6)

1 k€ P
- cry E::'ka[E’l»][X,t]} “am(x,t) dAaB(X,t)

0 , i (x,t) € B, -
<mix,e), 4 x,0) €0,

and

[:1:—] eijkekpq[ch][X :]'[i‘] [F‘pc][x t]
IB(X, t) X3 ’ X1 ’
1 q° 1 p°
- cry t'::l.jkequ.lrx,j[E’Zo][x,t]+ cry rx,i[E'lo [X,t]
)]
1

k
+ crx eipk[B’al

P
[X,t]} VaB(x,t) YaB(x,0)

0 , 4§  (x,v) € B,
ic
-47EY (X,t), 4§  (X,t) € a°.

PROOF. For the given (X,t), choose p so that t- % p <0

and (ITII.5.5) holds. (III1.5.6 and 7) are true, with Fi = F; = Gl =

62 = 0. Also, by (1) and the choice of p, it is easy to see that

[Eillx,t]’ [Bi][x,t]’ [E:’l"][x,t]’ and [B:’il;] vanish on

[x,t]

BBz(X) c n°(x,c), since, for example,

T e N I N e e T e T LA A NECALASY £ A I AN R RO e e e S e e e e s
,A.A.—‘L-.!:-\im y SVRY < ".:z.&.;.:’g AP S A A L R




i _ el 1 3
[E ][X,t](Y) E (Y, t- - 0) if Y € aBp(x).

Consequently, (III.5.6 and 7) lead directly to (6) and (7), respec-

tively. a.

[III.8] RE MA RK. Again, let M €M(2). Suppose that u is a

function in c2(2°)Ncl(@®7), with
o}
u 0 in Q(—m,O]’
and
Qu=20 in Q.
c

This is an example of a setting in which one can obtain a representa-
tion result via manipulations of the same sort as those already
employed for Maxwell’s equations. In fact, let (X,t) € B,

It can be checked that

Ly ._.2.[1__
Ty [X,t],ii e (ry

c '
rX,i.[u’4][X,t] ' in Q (X,e)r{x}',

with which one can easily show that

1 1 1
Z; r_x .[u][x’t]-a '[U,

]
v (X,t]
AB(X, ) 3B(X,t)

"’am(x,t)

1
" oy Kovapx t)'[“w][x,:]} B (x,t)
0 , if  (X,t) €B°,

u(X,t), if  (X,t) € Q°,
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Y
,.’: wherein (°), denotes differentiation in the direction of
<33 IB(X,t)
_ the exterior normal on &B(X,t). This result is a generalization
:.'_‘ of the well-known Kirchhoff representation of a solution of the
\":\.‘ :
_:.::j wave equation in the exterior of a cylinder in RA.
o - (III.9) REPRESENTATION OF A SCATTERED
I\.‘
~
D FIELD BY MEANS OF KINEMATIC SINGIE
ol .
~
ALY
% LAYER POTENTTIALS. Let us begin here by supposing
} i i 1
N that M is a motion in M(2) and {E'',B''} c ¢*(2') 1is an
o i i 1,1
N0y incident field, as in [I.4.1], such that also {E}Z, B}a} CCc(R);
AN
N here, of course, Q! C]R“ is an open set containing IB. Further,
N tet {E%, 39%} € c1(2%)nc(e®) be a solution of the scattering
Y
-,
-
\f.: problem generated by {Eli, Bli} and M for which it is also true
SN -
X that (£}, B);} € c'(@)7c(@”). We define the "total field"
1
f.{: {ETi, BTi} in 0% mq! by
o
N Ti 1, ol
e E" := E'4E°
, in %t
,_::\ BTi .= Bli"‘BOi
-:.-::
,::": Writing out the implications of Proposition [III.3] for the incident
= field, and applying [III.7] to the scattered field, we can combine
q.}:- the results to arrive at the following relations involving the total
.-
. field:
2
-2
e
-
b’
L
X
LY
g
»
nge
>
| %
@
RS
W
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'4“\
ooy
N c c
. - 1 1 Tq 11 Tp
o o f {[r ] ®15k%kpaF T [x,¢] [r ],.”‘ Yix,e)
X3 X/’
g 3B (X,t)
'’ ¢ ¢
N _ L Tq 1 Tp
?;3} ery Eijkekpqrx,j[E 4 ][X,t]+ cry rx,i[E’lo ][X,t]
“l =
4 @9
ﬁ 1 Tk P 1€
. 1
Sy + cry C1pk[B’4][X,~.:]} valB(X,t) d)‘aIB(X,t) +E (X,t)
0 ’ if  (X,t) € B°,
"] e
E - (X,t), if (x,t) € o°rq',
and ’
1 1 Tq 1 Tp
- LI B -|l=—| B
5 {[rx] g S5k 1 e [fx] FLRRIPNS
aB(X,t)
- L Tq L Tp
cr, €4 5k%kpax, 1 B2al [x, 01" cry ry,1 B4 x, 1)
(2)
1 Tk P i
- — +
cry Eipk[E’a ][X,t]} v, t) Yamx, P (X,t)
0 ,  if  (X,t) €B°,
Bix,e), if  (x,t) € e%pl.

It is our objective in this section to show that, if the motion and
the scattered field in Q°" are "sufficiently regular," then the

preceding relations can be rewritten as, respectively,

PR T R ST Sk _..'..'.. RO
R S TR ST AR YA, 1 G K RSP RIS v




" s"‘
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3
Q3
1,
.
r
I
1)
.
)
.
1)
.
.
.
.
LY
€
.
Iy
,

’
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R /,,"’."
L]
PR N

c
-U{‘l’},i(X,t)— % V{wi},4(x,t)+Eli (X,t)

e

°
0 s if (X,t) €B", (3)

ag = )
.

N Ti€ o
s E (X,t), if (x,t) € %',

0 , if (X,t) € B,
x,0)+8'1(x,t) = . (%)
Bli(x,1), if (x,t) € %',

a

O

viyky,

'l

€13k i

YN
e

‘l’l

wherein the functions Y and wi on 3B are defined by

l’
>
.

Cc
v =3T3 g, (5)

PN
& 2 A s K .

FA Ny o K

and

L

4

f;%’% 7
R A, S, Ny

i

c
¥ cm g C'ETi l

ijkvj 37| 3B +u 3B. (6)

{ In particular, once (3) and (4) have been established, we should infer

-4 s
.l

that

AN

01 1,0, 1
% - -vo{w},i-; Vv, )

in Q.
0, k ’

‘. \..
g

oi
B eij

A,
¢« o & 4
AN W

> Besides (7) and (8), the equalities (3) and (4) provide additional
[a

‘. clues concerning how one should proceed in attempting to achieve a
O reformulation of the scattering problem as one for a system of

integro-~differential equations. In Chapter 6 of Part I, we

D
, i
.

exploit the guiding information contained in (3) and (4), for

)
AL

g

precisely this purpose.

o

YN ,
ARRRIE b 4

A

P4

s f'a

EIT T ST Rt RV Ry PO U PRI U AT AU PRI P RO IO RO A LR LA L AR RO LR -,.-1
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On the other hand, none of the results of Chapter {I.6]
depends for its proof on the relations established here, so we choose
to carry out the verification of (3) and (4) in a rather informal
manner, although it would not be difficult to formulate our

assertion rigorously as a theorem.

We shall suppose, in addition to the hypotheses previously

i o

listed, that E°1, B9 € c1(@%7). since 3B = 30° is a (3,4;2)-

manifold, we can then construct an open set a° containing Qc-,

and extensions EOi, 8% of Eci, B°1, respectively, with

EOi, ﬁci € Cl(ﬁo). Fix (X,t) E?BOUQO, and let U be an open set

such that B C U C ﬁoﬁﬂl, but (X,t) € U. By setting

iTi .= (E1i+i01)| u

ﬁTi im (Bli+ﬁci)l U,

we obtain functions in Cl(U) and coinciding with ET1 and BTi,

respectively, on Q%= ru. Moreover, it follows that U(X,t) is
an open neighborhood of 3B(X,t), and, since X & U(X,t), we see

are in Cl(U(X,t)) and coincide

=T1 ~Ti
that [E ][X,t] and [B ][X,t] ]

with [ET and [BT respectively, on (2° U)(X,t) =

i i
Vix,t] iz, el

QO(X,t)-ﬁU(X,t). Directly from the definitions of these retarded

functions,
Fri =T 1 -Ti
B g,e,e ™ Boalix o™ © "x,0 B0l x, 00 (9) C
in uex,t). .
[ﬁTi (10)

Ty o (Brglix, e
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Since {ETI,BTl}

QCJ,\Ql , {ETl ’éTi}

satisfies the homogeneous Maxwell equations in

. . . o} .
satisfies these equations in §°NU, from which,

as in the derivation of (III.3.21 and 22), we can show that

(o

=Tk =Tq
B -
ipkl® T 1x,e1,p7 15k kpa™%, 3 1B T [x, 01,07 TR, 1

and

=T
eipk[B

k ~ch ~Tpc
Vixotl,p S 15k%kpe™x, 3 B Vix,el,p ™, 1B lix,el,p

[B =0, (11)

Tp
][X,t],p

0 (12)

hold in QO(X,t)“U(X,t), whence they are also true in

QO(X,t)-ﬁU(X,t), and so, in particular, on 23B(X,t).

Next, choosing a reference pair (R,X) for M as in [I.3.25],

following [I.3.23.b], we define

OTi i
Fip,z) := L

and

Ti

O
BT I(P,2) := B loX*(P,g) = BT

for each

ox*(P,c) = ET

gTi and 8T% on Rm by
1x(e,0),0) = BT (x(?,0),0), (13)
1ex(e,2),0) = B E(x(p,0),0), (14)

(P,z) € 3R<R.

The final equalities in (13) and (14), with the inclusions ﬁTl,
- i oTi
871 € ctwy, show that ETZ and B}, are in CGRR), with
0 ~T '3 =T
By, (P,2) = E1 (X(P,2),0) X, (B, )+, (X(P,0),0), (15)

and

LAt nd At A _1
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.

e

LAk hh
."-"n

¢

Bra(P,0) = Byi(X(P,2),0) X}, (B,0)+B] L (x(P,0),0), (16)

&
e

R

for each (P,z) € 3RxR.

.
by

.

Eo e

h
.00,

PR o~

N Now, if P € 3R, we have, for example,
.’.\'
o “Ti,
E,,(x(P, t-1(P;X,t)), t-T(P;X,t))
SRS
B -Ti 1
D" = E,, (x(P, t-1(P;X,t)), t- T r (X(P, t-1(P;X,t))))
o = B0, L (x(®, t-T(P;X,0)))
}."J ' [X,t] ’ sy
2 r
25 = [E 0 P);
{(:: [ "0][X,t] [X](X,t)( )
L replacing ¢ by ¢t-1(P;X,t) in each of (15) and (16), and recalling
0
,Q}{ definition [I.3.17.ii], it is then clear that, on 3R,
e oT4 -Ti ) -Ti
b, ¥
Yy
._-r and
’
f
oTi -T{ 2 ~Ti
= (o} . + .
- Boilxe ™ Bl e Mo ol 0 B x,0 M x,e - 09
AR
ol
WON .
; ; We denote the continuous extensions of ET: and B?Z to
{Qoﬁﬁl}USB again by the same symbols,* so that the equalities
Nl -~ -~
.‘;‘ E?i = E?i, B?i = B?i must hold on OSB. Then, using (9) and (10)
, :_,.: 4 4 4 4
:2: to replace [ﬁTi] and [ﬁTi] in (17) and (18), and solving
'2 X, t] *27 (X, t] ’
. . ~Ti ~Ti
the resultant equalities for [E’4l[x,t] and [B’él{x,t]’ there
result
o 'Indeed, this has already been done in (1) and (2).
<3~
e
- N
DA
N
o
On
"-',
v
. B R ORI i T e S S TN I N A S N I A I U A LR A AL S
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Ti

[E =Ti

(E

Wik T Ealix, e

1 Ti -1
= .{[E’Q](X,C)O[X](x,t) (19)

sc -1
Wy 0G0, 00 K x,0)
-Ti % -1
-[E ][X,t],Q.IX,A](X,t)O[X](X,t)} )

and

=Ti

(B (B2 ) (x.e]

Ti -
’4][x,t]

1 oTi -1
= c B, ) x, )0 X (x, 1)

s -1
l+rx’s' [X’A] (X,t)o [X] (X,t)

(20)

~Ti 2 -1
S g, e, 0 Dok, 00 K (x, 09

on 3B (X,t),

-1 ]
[X](x,t) denoting, of course, the inverse of [X](X,t)’ 3R -+ 3B(X,t).

Returning now to (1) and (2), denote the integrals appearing
i i
on the left-hand sides of these relatioms by I;(X,t) and IB(X,t),

respectively. Upon using (19) and (20) to replace [E?z][x t]

Tj
and [B’A][X,t] on oB(X,t), we can write
¢ c
i 1 1 Tq 1 Tp
= - = -|= I[E
IE(X’t) 4n [ {(rx],j eijkekpq[E ][X,t] [rx],i[ ][X,t]
oB(X,t)
1 o4
¢ cr
s -1 X
L] O
T4y o DGy, 0 M (x, 0
------------- A R N N N S N e e A NN
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oTq® Tp® -1
[E, £7 10 M %0

. q -1
ey sk kpatx, 3 B2a 1xo0)° P (x, 00 7%, 1

Tk -1 P
-Cipk[B’A](X,t)o[X](X,t)}} VaB(x,t) PoB(X,t)

(21)
c
1 =Tk _ =Tq
* {Eipk[B Vix,el,0 %15k %kpq™%, 3 Tix,e1,0
oB(X,t)
L€ -1
o
e 1) Ll MM
X,i [X,t],2 Ty < -1
Itry o 5 (x, 0 (x,0)
P
VaB(x,t) PaBx,t)”
Introducing the function
2 o AR ..
Clx,py 1= © (%)
c
£ -1
5,0 5. 09° X k) (22)
.= " 2 on IB(X,t),
s -1
ey o 0G0 x,0)° X (x, 0}
and using (12), the second integral on the right in (21), which we
denote by i,:'.:(x,t), can be rewritten as
ii(X t) = L {€ [ﬁTk] -€,, €, T [EZTqC]
E 4m ipk [X,t],2 "ijk kpq X,j [X,t],2
aB(X,t)
c .
~Tp
try BT Tiyoey, ! g
1
b
l_ . [3 P _ 2. m m 'J
ry 0 Vme, o Cex,)YsB(x,0)} Pam(x,t) )
i
-- (e,  18™%) et Ty [ET ] :
4n ipk [X,t],2 “ijk kpq X,j [X,t],% x
3B (X,t) §
1
p
'!
I
p

~, . . R PR T U R e S A T I R T ]
A L TS I B T S I I A O A

TS BT I N T R I PPt R S L SRR G R S S N AT .
RO Y, SN, O G NS S R T TR S T A IS A AT T I ARG AL A PP
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2 =Tp" 1 s m
2 f B T eyt ry “metpsSx,0) VB(x,0) YeB(x, 00 (PP
i’ o
?\ One can show that G(X ) € Cl(aB(x,t)), since we are given that
2;:;2 M€ nM(2), so that [x](X 0 € Cz(am(x,:) ;113), X,, € Cl(aRxR). and
o7 b ’
TN
1(*3X,t) € C3(3R); cf., [I.3.27], and recall that (X,t) €B%UsC.
\ Thus, GJ(LX,t) possesses an extension G(X, ) which is of class
l‘;‘;:' Cl in some open neighborhood of 3B(X,t). Using this extension,
we can continue with the manipulation begun in (23):
’:..‘
e 3 . .1 =Tk _ =Tq
:".’ IE(Xst) 4n Emn!?.{{eipk[B ][X,C] eijkskpqrx’j[E ][X,t]
::.‘-. aB(x’t)
~Tpc 1 &S oI
N +rx,i[E ][X.t]}' X nps (x t)},l AMB(X,t) am(x,t)
l.\'
'fs 1 1 Tk
&S
N * 4 J smnzenps{ ipk[ (X t)] (B ][X,t] (24)
( 3B(X,t)
N 1 4]
ChIKN -8 q
~€, ., € —r, .G E X,t
:-:::: iJk kPQ[rX x’J (X,C)],Q[ [ ]
Sy 1 T
. &S P m
+ .
o { ry X, 1%(x, t)] “[E ][x,:]} Va(x,t) PoB(x,t)
A,:-
N
:-ff:. an application of Stokes' theorem reveals that the first integral
s
e on the right in (24) vanishes. Using the simplified equality (24)
'.:_;- in (21) then produces
J‘\-I'
o, c c
" i N S 1 Tq N Tp
P IE(x’t) 4n [ {[rx], E:i_")kekpq[E ][X,t] [rx] ,i[E ][X,t]
- sB(X,t) 3
v::;‘ - _ 1 . 1
s cr c
AN X s -1
b2 By o D54 x, 0 ° D (x, 0
o
J‘_'.’
=
e
*\'

v R L
'q " A .l‘F.h\I - ,', .'-\“."-'-d
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.{eijkekpqrx,j[g?z ](x,:)o[X]Z;,:)"’x,i[g?gc](x,t)OIXIEi,t)
'eipk[g?zl(x,t)°[x12§,:)} (2
_epnlcnms{eimk(%; éix,t)],z[BTk][X,t]

'Eijkekmq{%; rx,jéix,t)}’l[Ech][x,t]

+[%; rX,ié?X,t)],g[ETmC][x,t]}} VgB(x,t) B (x,t)°

We shall use the 2-regular transformation [x](X £) taking 9R
onto JB(X,t), to convert to integration over R in (25).

Remembering that

erOIX](X ) = ct(+;X,t), (26)
{1+ ofx] -'xsc] }'1 = 1l-1;,(*;X,t) (27)
TX,s (X,t) rad(x,t) Tiglrifstls
I'T:a(';xot)
K(*;X,t) = (28)

—:??-;x,t) ?
and, for example,

T3 . 2T

B 1y, 12 x,00 = B )k, 0

(cf., Remark [I.3.24]), each holding or 3R, (25) becomes

1 1 1 . oTq"
IE(X,t) = = H J {[!’ ], OIX](X’t) Eijkekpq [E ](X,t)
3R X3

1 (eme’
-[rx]’iO[X](x9t) [E ](X,t)

..
N -

...............

!

PRV N A
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% .
:::f 1 s .87
N 'epnzenms{eimk[rx G(x,t)],;["](x,t) BB %0
{ c
1 =S . 8Tq
N ’Eijkekmq[rx ‘x,jG<x,:>],2°[X](x,:) =7 k0 ;
N . (29)
N 1l ~S OTm
o +[rx rx,iG(x,t>],2°[X](X,t)'[E ](X,t)} :
y - L%, 01 o[x]y o (87 ]
R c KRt e e pe™X, 30 (X, ) T e (%)
»
. Tx,1° X (x, 0) [E’4 ](x )" 1pk[B’4](X t)}}
::
- WP :
N v (x,0)° X x0T Kl (x,0) ¢
“
‘ In a similar manner, using (19) and (20) along with (11), one can ‘
',. show that )
;: \
i _ 1 1l OTq
L Lg% = - 73 I {[rx] oIl ik, 6y Cictkp® Mex, 1)
= 3R 3
1 ] oTp
y -l=i olx] - [B77]
: (’x M B g
1 zs oTk
b +epnlenms{simk{r_x G(X,t)] ,1° [x] (X,t) (B ](X,t)
i
o 1 s 9Tq
> +€ijk€kmq[r X,3°(x, t)] °IXix, ey BB iz,
X 1 =S , (9Tm
2 '[rx ‘x,ic<x,c>],2°m<x,c> B ex,)
< 1 ... . . (8Ta
, SRR Py R B LI R TS
-
159 L 8Tp 9Tk
b Ty, 12D, 0y " Brad (x, ) apr [ Boa ](x,:)}}
)
) 4
¢

N ..y. .é a‘:"ls .:'J‘;s)
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P .
ViB(x, 0)° X x,¢) TX1 oy 0y Par

For the further development of (29) and (30), we observe

that [I.3.27.vi.4 and 5] can be combined to produce

«J[x]

) .
“aa(x,t)°[X](x,t) (X,t)

- {1, (3%, 7 8P o
SEEICTE HODELS 1S FIIETE UL PUIC tin PRISRS SINCY 3 PNS:

on oR.

Next, since we have supposed that {ECI,Bci}

scattering problem associated with / and {Eli,Bll}

*

conditions are fulfilled:

c
3.TKS e Ti _
Eijkv E u B 0,
on 3B,
vaTJ =0
whence it is clear that
c .
0jOTk™ 0cOTi _
eijkv E -u B = 0,
on RXIR,
93813 - o
and so also
(e ojEch] _(358T1, - 0
13k” (X, t) (X,t) ’
on aR.

038Tj -
(v g ](X,t) 0

~—.

(30)

(31)

is a solution of the

the boundary

(32)

(33)

(34)

(35)

(36)

(37)
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Since M € M(2), we know that 3,4 and 8,4 exist and are con-
tinuous on 3RXR. Then, we may differentiate in (34) and (33),

which leads to

0jOTk® _;0cQTi _ oc QTi _ 0o 9Tk
[Eijkv Evy Ix, 0y~ IV B’4](}(,:) = [0,,B Iex, 0 [EijkV’Ag ](X,t)’ (38)
and
03QeTj = _r°] €Tj
[V 394 (X,t) [9943 ](X,t), (39)

each holding on 3R. Directly from the definition of the normal

velocity,
h| hPNESE
v(z,2) = vz, 0,007 @,0, (2,0 € 3B,
it is easy to see that
0 03 3
u(P,z) := v(X(P,2),z) =V (P,c)-X,4(P,c), (P,z) € 3RxR,
from which the useful relation

[Sl(x,t) = [3j.X24](X,t)’ on aR’ (40)

follows. Further, let us denote by ?%X £) a function which is of
’
class C1 in an open set containing 3B(X,t) and extends the map
c
i -1 1
Z > [x,a](x’t)o[x](x,t)(Z) (which is in C (3B(X,t))). Then we can

suppose that

fi
gl = ——(t) (41)
(X, ) 1+r -?£
X, 2 " (X,t)

in a neighborhood of aB(X,t). Note that, by (22) and (27),

---------------
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y -1 4 . o L i
22?_ G(x,t)c’[xl(x,t) B G(x,t)o[xl(x,t) {1°T’4("X’t)} [x’lo](x,t)
, (42)
on oR.
From (41), using also (26) and (27), one can easily show that
. {1-1;4(';X,t)}2 jc
Sex,0,° Mz = e Tri M da,s!
K
.rX,EO[X](X,t).[X’lo](x,t)
. 2
i {1-1;4(',X,t)} .[Xsc] .[ch]
ct(*;X,t) *4° (X, t) ’4° (X,t)
<€ (43)

_{1_1;4(-;X,t)} [X,4](x t) x,j°[X](x,t)

=) cr: (e
F(X,t) ’20 [X](X,t)+{1 T’l;( ’x)t)}

=S
Fxon, M@ o R

We now use (31), (42), and (43) in each of (29) and (30); following
extremely lengthy and rather tortuous computations which take into
account (36)-(40), as well as (27) and (1.3.22.3), we arrive at the

equalities

{1-1;4(‘;x,:)}2 c

. 193873 3
c2T2( X.t) {°[x’4](x,t) [VE JX](x,t)
aR ’ £

i 1
IE(X,t) = an J

c 2
'{1'1;4(';X’t)}°{1'l[X'A](X,t)‘3}'rx,1°[X](X,t)

03aTs®
ED Iy

c

L 2
.0 o) x, )

+{1-T;4(';X,t)}-{rx’QO[X] " (X, t)l3}

+| xS

-’ -‘. -“u‘.}f ‘f qu" L.'l' mf' ;f t&*'ﬂ' qu.' U 1’*&\.’ ’ ‘«- '_s _sf_.. J._L A.A_:f_. TR .). s .'.L.:l: A
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4l

ojOTk oc°T1

Lo VB ). Jx](X )} dr,

1 {1-1;4(-;x.t)} -0

% +h | —meme— e M

:}: aR

:::" ~{1-1;,(*:X t)}.f.'p o[x] r o[x] '[XQC] }
<1 2 0 (X,t),4 X,t) X,p (X,t) 747 (X,t)
i: . 93gTk oc oTi€, -

::_.' {[(E:ij B +UE ) JX](X,t)

~ 'L

S

) 03913 *

O try 10X (g 0y VR JX](x &) (44)
,"-' ~p op Ti

$3 +F(x t),] [X](x ) 'x,3 [X](X t) "[VE Jx](x t)

3 FP TJ

*: 'F(x,c),io[xl(x,t)°rx j°[X](X t) [P JX](X t)

§?: 5P opete®

E{: +ry 000 ¢ o Fx ), 2 M x, ey IV E JX](x t)

e ~p PQTk
. +F(x t), 4L [X](x t) [C JX](x t)
o 1 .(oc . OTk _§

::3 * o, M, P EijkB X (x,0)

'

» 1 .93 . - T3¢

+2ry ol 1S Jx](X 0 [v,4§ JX](X,t)}

) 1 9IgTk,g¢, OTi

oS - [V, ™ 2IX) (4,05

3 -1 [X],, .- [SP-B TP Jx) gy ) D

- c 'x,1°Mix, 0 (X,t) ’

%

>

jE and

N . ! (1-15,(3%,00}

<) IpX,0) = 73 J 72

9;‘ 3R c Tt (X, t)

47 c
b4 L X3 ] +H{1-13, (5X,e) }ei1=] (xS | o[x] }
3 ) x, 0 i DG x50 7k, 52 ¥k, 0

- .
200K, | JRRAN AP I
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. gpgTa, oc, Tk, .3
(O gla,9¢.¢ kﬁ ) IX) g gy D

1 J {l-T;A(-;X,t)}2

+ o a2 M,
3R
Fm £

-5 X F oy oy 0 DX g ey T X ke P00 (%, 1)
. . opQTq oc, Tk .3

Ty, 12 X, 1) " (€84 kkpg” B HY EijkE ) IXT (g b

~P . op Tk

Fex,e), Xz, 09 Fag E JX](x t) (43)

=P . P°TJ
Fix 0,100 ey Tx, 10 X (0 ISP IXD g

~p . . OpoTi. 3

g, 00,200 D x, 0y Tx, 10 X ke B T XD (g ey
o3 . op9T2L

k00,00 0 g,y T, 100X g, 0 9B 0Dy
1 oj @

k oc °T1
= ¢ leggvigt Jx]<x ot [U JX1(x £)

1
+ z T o[x]

op 2Tp, 1
X,i JX](x ot e

x,t) " [V7aB Tx,3° X (x, )

c
. op 9Tq,oc, Tk "y .7
[Ce) ufhpq” BoatV *Caqnbra ) T¥ (g, 6 Por

On the other hand, in view of (5), (6), the properties of
gTi, gTi, 31, and O on aRxR, and the inclusion M € M(2), from
{I.5.10] it is clear that UV{¥} and V{wi} are in Cl(BOLQO); the
partial derivatives of these functions can be calculated from

(IV.14.1 and 2), in which the appropriate partial derivatives of «

are given by (IV.3.14 and 15). Accordingly, we find

T atgar
-

LS, 3, A Aoy
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and

43~

vivd, x,0- S vl (x0

1€ 03gT3°
'{ [ ’AI(X ) [V JX](X t)

. I (113, (2,0}
2

47 s <:2.r (3%, 1)

oj TJ
-{1-1,4( 1X,t)}+{1- ‘[X'A (X, t)‘ }. Ty o[X](x £) + [V°E JX](x t)

[

2
HL-ws X0 lry ol ey oy DG, Ty 0G0y 013 )

ojBTk ocoTi®, -

.[(eijk +0 E 7)) JX](X,t)} dAaR

(46)

1 I {l-r;,‘(-:x,t)}2 .
* {{1-1;,(-:X,t)}er, oO[X
c“1(*:X,t) 4 X,2 (X, t)
oR
: iy o]y o+ (98T
[x'aal(x t) rx i0 (X ) v

JX](X,t)

93gTk, oc Ti
ey, OB )3x) 4y}

0joT3¢

oj 9Tk ,oc Ti p
[0y, B HET 330, 1 ¢ oy} Bgp s

k
einV{w }‘j(xyt)

1 I {1-1-4( X,t)} y c] { ( )
- [X5 +{1-1;,(*;X,t
4n N 250 47 (X,t) 4

{LHLQ“tﬂ}r f“%xn

. opgTq_ 9oc, .
[(Eijkekpqv B 40 eijk ) JX](x,t) d




4l

4
3R c21(~;x,t)

) {1-1; (*3X,0)}°
f {115, (5X,0)) 47)

ZC
'{rx’ RO[X](X,t) * [x’44](X,t)}.rx,jO[X](X,t)

gPRTaLge

oTkS, +
<[ ( ] .eijkE ).JX](x,t)+rX,j°[X](X,t)

sijkekpq

. opQTq_ oc oTk€, 2
[((Eijkekpqv B 40 eijkE )JX)’A](X,t)} dAaR .

Of course, we wish to demonstrate that the expressions appear-
ing on the right in (44) and (45) are respectively equal to the
right-hand members of (46) and (47). We shall do this under an
additional regularity assumption concerning the motion: it is
already known that 9RxR and 3B are (3,4;2)-manifolds, while
(P,z) > x*(p,z) := (X(P,z),z) is a 2-imbedding which carries
3RxR onto 3B, with inverse given by x*'l(z,c) = (X;I(Z),c),
for (Z,z) € 3B. Moreover, lx,4|3 < c* on 3R<R. Let us suppose

now that

(1) X = X| 8RR for some X € Cz(ﬁﬂR), where U is

an open neighborhood of 3R;

(ii) the map (2,z) 1+ X;l(z) on oB 1is the restriction of
7~
some xle Cz(ﬂ), where U is open, with 3B C U,

but (X,t) € D;*

(111) the function (P,z) 1+ (X(P,z),z) is a bijection of

1Recall that (X,t) € B%Ua°,




~45.

UxR onto U, with inverse given by (Z,z)\+
P~

( xlz,0,0, (2,0 €
- and
(iv) Ii,4|3 < c* in UxR.

’:~ To make use of these hypotheses, we note first that (iii) clearly

L implies the relations

¢ '\‘.4‘ - f\_dl -

Th Xx(X “(z,z),z) =2 for each (z,z) € U, (48)
A, and

2 e P ad

‘:j: x-l(i(P,c),;) =P for each (P,z) € UxR, (49)

so that, with the smoothness required in (i) and (ii),

N ~{ 71 ~—ik -
7 ka(x 1(Z,;),z;)-x l,j(Z,;) = 6§ for each (z,z) € U, (50)

y and

> ~ 1 —~ 1
o N 3 -1 &

S X l,k(x(P,;),c)-x‘,‘A(P,c)+x l,a(x(P,c),c) =0

o (51)
o for each (P,z) € UxR.

X

”

N 4 A,
O

From (50), there follows

LY
J ..
‘-

~ k

1 -1
Xﬂk(Pic) x ,j

.
AL N

x(P,5),z) = 6; for each (P,z) € 3RxR,

%L

and so also

&
s "o 5"-l
LA A

R

‘C

-
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r
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~k
X:}k(P,t—T(P;X,t)) -x'1

,j<x<P,t-r<P;x,c)),:-T<P;x,t)> - a§

(52)
for each P € 3R.

1

Upon recalling that 71(P;X,t) = = x

([X](X,t)(P))’ we see that (52)
can be rewritten to give

i ~ k i

~ =1 _
[X’k](x,:)'[x ’j][x,t]°["](x,t)‘53 on 3R. (53)

Similarly, from (51) we can derive the relation
Tt K ~t
. -+ = R
Next, it is clear that we can use hypothesis (iv) to define
an extension 7T(+:X,t): U-+R of 1(+;X,t): 3R - R implicitly

via the requirement

rx(i(P,t-f(P;X,t))) = c1(P;X,t) for each P € U; (55)

the reasoning here is essentially the same as in the original
construction of 1 in [I.3.14], (iv) serving to show that the map
g - % rx(x(P,t-;)) is a contraction on [0,») into itself, for

each P € U. Now, observe that

fT AR At A Al St R Mt alal ol

Xé [X](X,t)(U)’ (56) :
- - 3 ;
wherein we have defined ([x] t U-+R by .,
(x,t) b
i
[i] (P) := i(P,t-;(P;X,t)) for each P € U. (57) a
(x,t)
Indeed, if we suppose that X = i(Px,t—E(Px;X,t)) for some PX € v, k
F
r
<
y
y

"
-
.
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then (55) shows that %(ngx,t) =0, so X-= i(Px,t), which implies
that (X,t) € U, violating (i1). Then, (56) and the implicit
function theorem can be combined to produce the inclusion 71(-;X,t) €
Cz(ﬁ), after which a simple calculation, starting from (55), can
be carried out in order to verify that
~ ~k
1 Tl Mo Kl o

?,i(°;x,t) =< < on

-~ ~2
1+rx,g°[X](x,t)'[x’4]

1]

> (58)

(X,t)

-~

with [i,al and [X being defined on U just as

1
(x,t) ' (X, 0)

[X](X,t) is defined by (57). Since it is plain that X,4 = X,4

on JR<R, we conclude, with (27), that
£, (3X,t) = L (1-1;, (-3X,8)}er, L 0[X] K on 3R. (59)
i S c /D X,k (X,t) 17 (X,t) '

=i

We can now easily construct a smooth extension F(X t) of
c b4
the function [x%a](x’t)o[x]zi’t) to a neighborhood of 3B(X,t):
first, using the notation [x”]'][x t](') 1= X_1 1 (*) of
’ t-;rx(-)

-1 -1 . .
[I.3.20] and the equality IX](x,t) [x ][x,t] established in
[I.3.21.1], we have

F——

-1 -1 -~ I R |
[x](x,t)(Z) = [x ][x,c](Z) : xt_ 1 (Z)(z) X (z,t- = 1 (2))
c X (60)
for each Z € 3B(X,t),
so that the function [X-I][X t]: d(x,t) - U defined by
P~ -
[?I][x’t](Z) = XNz, t- 2 () for each  z € (1) (61)
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lies in Cz(a(x,t)) and provides an extension of [x];; t); note
?
here that X & D(X,t), since (X,t) & u. Meanwhile, the map

[

~'C -~
P> [if,‘] (P) := Xf,’(P,t-f(P;x,t)), PE U,

(X,t)

c
extends [)(:,l[‘](x £) from 8R. Consequently, we may set

c F——

pl TS -1 -
F(x,t)(z) : [X,4](X’t)o[X ][x,t](z) for each z € U(x,t), (62)

c
=1 1, - . i -1
to obtain F(X,t) € C (li(X,t)) extending [X’A](X,t)o[xl(x,t)

smoothly to a neighborhood of 3B(X,t). In view of (61), we can
compute

e, T

=P - [P 1 s
Fr,o,0 = Xl o, ™ T Tixe,e
pr— sz T
) -1 -1 1 .
= G4 g, ey, 000 Tz, e 1 ) (x,017 € Txye ) g, ey

on l](x,t),

so, noting that E;:I][x t] = [X]z; £) on JB(X,t), and using (54),

P o[x] = [ipc] '{E;:im ] olx] +r_ o[x]
(X,t),2 (X,t) 47 (X,t),m 27 [X,t] (X,t) X2 (X,t)

o~ m

= k€
o[xl

ad 1x,01° 0 " Doad (x,0 (63)

on ak.

Now, making use of (59),
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o4 c
P = [¥X = . JtYP
5,0 x,00,m = Xvamd x,0) Tl 3% Iy ) (1,0

[

~ 1
[X’4m] (X,t)- E’ {1"'1'_:4(' ;X9t)}'rx,jo [X](X,t)

-3 p° :
ol Wud ey om0

upon inserting this result into (63) and accounting for (53) and

(27), we obtain finally

m

C
.p = .'p .
Py 6.0 @0 = Bl o 10 iz, a° M,

f'-'lm

e 0 X g, 0 I d 1z, 00 Mk, 0
k€ Lo o, iy PC
'[X,a](x’t)}_’c-tl-T’l.(')x,t)} [X’IOA](X,t)
. [ ] j j.
Ty, 12X (x, 0y 1005 Tx, 20 ¥ 00
(o4
[ 4—-’1111

-‘p R -
= [X’z.m](x,:) {Ix ’2][x,c]°[X](x,c)

~-im
e D e T i, M, 0
kc 1 p .
ol x0T Pl x,n Ty, 1° ¥ (x,0)

on 3R.

We next take up the explicit computation of [8’4](X )’
’

and [(3x),4] on aR. For this, we first define

[o] o
[U’al(x’t)’
N: SRR » R vda

(X,t)

AN N T T N T e e et T T T T "N . N
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Wp,0) o= ey K BOTI®) K R, 0THR)
(65)
for each P € 3R, t €R,

wherein Tl’ TZ:

constitutes a basis for TaR(P) whenever P € 3R. Then N(P,z)

aR +ZR3 are constructed so that {Tl(P),Tz(P)}

is clearly in NQB (Xx(P,z)) for (P,z) € 3R<R, and we can suppose

that T1 and T2 have been adjusted so that ﬁ(P,C) is an outer

normal to ch at X(P,z). Thus,

oi i 8 ¢p,0)
v (P,z) = v (X(P,z),q) = 1=r-—457—-, for (P,z) € 3RxR. (66)

Moreover, it is easily seen that

. I8¢, 01,
IJx(P,z) := JXC(P) = ITI(P>*T2(P)T3 , for (P,z) € 3RxR. (67)

-~

From the properties of X, it is certainly true that N,4 €

C(3R-R;R3). Since [ﬁ|§ = #§3, we find

- 9d§d

H s

3,4

whence, from (66) and (67), respectively,

ﬁi Nj

1——r— —3.' T—T—' (68)
and

oj.N;!4

(Jx),4 = sz;f;r; (69)

93

Further, from the equality 0=V -X,Q,

ﬁ"n}'\"\f q.’ "'s" \.' e e e 'L:A_J.;..‘-
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Thus,

[N’A](x t) ’4 (X,t)

—roJ
524 ¢x, 1) T ol Ve '] Mg ol © Mo OB

- (gx,, ] = 189 . SRR (72)
e 671 (X,t) VU, ) |TIXT2|3

and

.C

oc = o3 o 1yd o] P
[U’4](X,t) [v’A](X,t) [X’A](X,t)"-[v ](X,t) [X’IOI%](X,t)' (73)

Evidently, we must examine [N’4](X £ For this purpose, we rewrite

ﬁi: from (65),

~1 =3 k m
N N ey 1350 T
588 .1 d Xk x1_.o™
i 7 Leg%5, T1 x Ty €14k 0g Tl Xop' T2}
4 (74)
.1 W 3yl
2 eijk{ nim nosx X }T 2
) <1 3 sk 2.m
: 2 eijkenqu,q)(,s EnlmTlTZ on IRxR.
Consequently,
v S 3 v I 2J ck £.m
N’4 2 {Eijkansx’4qx’s+€ijkcnqsx’ X’4s}cn2mT1T2
(75)

Xj ib € T, T

ijk ngs"’4q" ’s “nim on RR,

™
2

e

from which

------------------
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=1 - ~3 Lok 2,.m
[N,A](x,t) Eijkenqs[x"bq](x,t) [X’s](X,t) Enngsz on SR. (76)
We shall show presently that

1—1q

k £,.m _ - e
| 772 = fkm™® nl iz, e1° M0 M ix, 0

cnqs[x’s (X,t) nem kim

7)
on oR.

Assuming for now that (77) has been established, we can combine it

with (76) to obtain the desired result

< ) -3 ~ )
Nk = Siicken a0 X el x e M e N ke
) —4 i
= Doyl D T, 12 M x, 0 IV 1 (x, 0
(78)

—=q

-1 )
e X e M, M k0

on aR.

With the introduction of this result into (71), (72), and (73), a
bit of manipulation finally yields the respective equalities

oi of ~2 /':'iq
50k, 00 = 0 g, Praglx, 00 ¥ il x, 00 M ix, 0
P~

ol ~2 -1
+[v ](x,t)'[X’aq](x,t)'[x ’m][X,t]o[X](X,t) (79)

om oi
T, P ix,0

) 2 ~ )
(O k0 = Tougdex, o ™ iz e1° M, 00 X (x, 0
~q
ol =2 -1
- ](x,t)'[x’aq](x,t)'[x 'm [x,tlo[xl(x,t) (80)

.[Sm

Tex,0) ¥ (x, 0y

X REMEAE A MR -.rl'.r'>,r'.r"' L
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and

~9 c

ol ~2 - m
Yex,0) %oagd (0" owd ix, 610X (x, 00" DOu x, 6)

ocC
ol x,ey = -0

ol ~% -1
) g0 g 0 X Tl x, 019 x40

. (81)

o3 3
0 ul 0

om ocC
"0 P lx, e

»

ol

s
N

 Z,

/2

on 3R.

0y

‘., Let us return to establish (77): we begin by recalling that,
"13 if (a?) is a 3x3 matrix, then
v
v P i 3 .k
A {det (aq)} € m eijkal st L (82)
.h‘._n‘
¢;j while, if the matrix is nonsingular, its inverse (a?) is given by
N
E i 1 m n
{ %5 2+ det (aP) €3kef jmn?k "% ¢ (83)
.r:J q
4
o
- cf., McConnell [31]. Then, from (53) and the companion result
I.”-
* ; Ni
S PRS0 DR L =& on R, (84)
"-' ’k [x’t] (x,t) ’j (X,t) j
3
L]
-:g following from (49), we infer, with (83), that
\-
M)
~=4 1 o
O X ’m][X.t]°[X](X.t) - ~d eqij‘:mnu["’i](x,t)
.r:'.' ? (85)
ot XY 3R
2z Xoglex,ey oM .

Using the latter result, (74), and (82),

o2t
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Ekzmﬁ?m][x,tlo[xl()(,t).[ﬁQ](X,t)
- L e, € e [X7] - [X5,)
2+ det ([i?e](x,:)) kem mnu qij "1 (X,t) “T’N(X,t)
% €ovu rsp[X’ Vex,0) gt pl(x, 1) € rabTiTg
- 1 S LN F XY,
4r det (X5 1y o) I rsp. 10 XY
'[iYs (X,t) [X’p (X,t) "¢ vl 1](x t) - [X J](X t)
.[iYs](x,t)'[ti](X,t)}erabTiTg
= %’{eqijerspejsp[i§1](x,:)'eqijerspeisp[x’j](x £) €rab? ;Tg
= 71: {2e, [x’i](x )2 [x’J (x,t) CrabT1 2
* fair [iEil(x ) rab ;Tg
= erqi[xlfi](x,t)'erabTith’ on 3R,

which is just (77).

The results (64) and (79)-(81) enable us to complete the
proof of the original claim. 1In fact, by using (64), (79), and
(81) 1in (44) and (45), and (79)-(81) in (46) and (47), one can
show that the expressions on the right in (44) and (46) coincide,
and that those in (45) and (47) are identical, as well; for the
verification of this statement, we once again employ (36), (37),
and (I.3.22.3). However, the details of the demonstration are quite

tedious, offering no features of interest, so we omit them.
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We have shown that (3) and (4) obtain, at least in some
case in which the motion and the scattered field are sufficiently

regular, which was our stated goal.
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- III.A. APPENDIX

Jufs!

PROOF OF LEMMA [III.2]

N LEMMA. Let @ be an open set in y gon some n > 2,
3-..
L3 and g: Q ~X. Suppose that, for some 1i,j € {1,...,n} with
o 143, 8,y exists in @, while &5 and 845 are in C(Q).
AL,
ﬂ" . .
e Then 8144 exists 4n @ and equals 8y
<7
PROOTF, The summation convention is suspended for this proof.
o
o2 Choose x € Q.. Let a > 0 be such that the open cube
,; (xl-a,xl+a)><...X(xn-a,xn+a) C Q. Set Ia := (-a,a) CR. Whenever
A
q z €ER, we define Ty €R" by taking cli 1= ;6‘;; 25 eRrR" 1is
:E'- defined similarly. Let A: IaxIa -+ K be defined by
N
= A(s,t) := g(x+s j) g(x+s )- g(x+tj)+g(x) for s,t € Ia (1)
o
e (since i # j, A 1is well defined). Further, we define the
-.:: .
W function Aij' IaxIa -+ K by setting
%: Aij(s,:) 1= g(x+s j) g(x+s ) for s,t € Ia. (2)
0 Clearly, ,
'_K
= - € 1. 3
(¢ 4(s,t) Aij(s,t) Aij(O,t) for s,t Ia (3
2,
% Suppose that s and t are in Ia with s # 0, t # 0. Then
"
L
3y
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(0,¢t)

Aij(s,c)—aij s-Aij,1(§(t),t)

s-{gai(x+§(t)i+tj

= st'g,ij(x+§(t)i+E(§(t))j)

Y=g, ; (x+5(1) ) (%)

for some §(t) between 0 and s (and depending upon t) and
some t(s(t)) between O and t (and depending upon §(t));

we have applied the mean-value theorem to the differentiable

functions (*,t) and g,i(x+§(t)i+(-) ) on Ia' Using (3),

A
ij b
(4), and the continuity of g’ij in {, we obtain

g,..(x) = lim  lim g, . (x+38(t) +t(5(¢)),)
13 s+0 t>o0 13 1 i (s)
= lim  1im Als.t)
st

s=>0 t-+0

(in which 1lim lim can be replaced by either 1lim lim

s+0 t=>0 t+0 s-+0
or lim ). Next, define A i I xI K wvia
(s,t) + (0,0) i e a
Aji(s,t) 1= g(x+si+tj)-g(x+tj) for s,t € Ia' (6)

Then

A(s,t) = Aji(s,t)—A i(s,O) for s,t € Ia' (7N

3

Again for non-zero numbers s and t in Ia’ we can apply the
mean-value theorem to the differentiable function Aji(s,-) on

Ia to write, for some t(s) between 0 and t (and depending

upon s),
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. Aji(s,t)-Aji(s,O) = t-Aji’z(s,E(s))

( = t'{g,j(x+si+t(S)j)-g, (x+t(5)j)},

3

XY whence the continuity of g,j in Q@ gives, with (5) and (7),

A(s,t)

g,ij(x) = lim lim pre

s+0 t->0

= lim lim l-{g, (x+s.+E(s).)—g..(x+E(s)
™ s»0 t>0 & 4 1 37
“»

j)}

1
= lim s {g,

(x+s.)-g,.(x)}.
\,' S"O j i 3

. This shows at once that g,ji(x) exists and equals (x). a.

g’ij




oy Ll A e~ T T YTy -
s A NENC AR MDA NLAL S AR e GO AT A S LA Al S S S e CR A MM I A .~ - . .

MISSION
£$ Qf
&2 Rome Air Development Center

RADC plans and executes research, development, test and

S selected acquisdition programs in support of Command, Control

] Communications and Intelligence (C31) activities. Technical

: and engineening support within areas of technical competence

O 48 provdided to ESD Program Offices (POs) and other ESD

o elements. The principal technical mission areas are
communications, electromagnetic guidance and control, sur-

Aon veillance of ground and aerospace obfects, intelligence data

e collection and handling, infonmation system technology,

O donospheric propagation, solid state sciences, microwave

e physics and electronic neliability, maintainability and

.- compatibility.
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